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Flaute: low-wind events for wind energy production Il

Formal description:

= In 2025: 1917 wind turbines located in d = 563 grid cells.

= (; total installed capacity (2025) in grid cell .

= W, maximal daily wind speed at turbine height in grid cell j.

= Observations for n = 2708 winter days over the past 30 years, collected from HOSTRADA



Flaute: low-wind events for wind energy production Il

Formal description:

= In 2025: 1917 wind turbines located in d = 563 grid cells.
= (; total installed capacity (2025) in grid cell .
= W, maximal daily wind speed at turbine height in grid cell j.
= Observations for n = 2708 winter days over the past 30 years, collected from HOSTRADA
Target quantity:
po.s(3) = IP’(EIJ C [d] with installed capacity in J exceeding 80%

of the total capacity: W; < 3 for all j € J).



Outline

Tail dependence

= Margin-free measures of tail dependence

The linear factor model with heavy tailed factors
= A (semi-)parametric tail dependence model
= The pure variable assumption and identfiability
= Estimation

Application: the probability of low-wind events

= Estimation of pp.s(3) and beyond.



Tail dependence



Simple bivariate measures of tail dependence

Throughout: X = (Xi,..., Xd)T is a d-variate observable rv with continuous marginal cdfs F, ..., Fq.

The tail correlation between X; and X; is
x(> €) = lim P(FX) > 1t F(X) >1-¢),  jeld),

provided the limit exists. X = (x(J,))) cc[q is the tail correlation matrix .



Simple bivariate measures of tail dependence

Throughout: X = (Xi,..., Xd)T is a d-variate observable rv with continuous marginal cdfs F, ...

The tail correlation between X; and X; is
x0 €) = lim P(FX) > 1t F(X) >1-¢),  jeld),
t.

provided the limit exists. X = (x(J,))) cc[q is the tail correlation matrix .

Margin-free dependence measure:
= The coefficient is invariant under increasing transformations of the margins.
Strength of tail dependence:

= We have x(j, %) € [0,1], and Xj, X, are called tail independent iff x(j,¢) = 0.
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Tail dependence beyond bivariate dependencies

The stable tail dependence function X:
L(x) = lim e'P(Feld: FX)>1-tg),  x€[0,00)°

provided the limit exists. Then x(j,¢) =2 — L(ej + e¢).



Tail dependence beyond bivariate dependencies

The stable tail dependence function X:
L(x) = lim £P(Fe[d: FX) >1-1bg),  x€0,00)°
provided the limit exists. Then x(j,¢) =2 — L(ej + e¢).

The tail copula of X:
T —1 . . : : i
R(x) = Itlim0 t ]P’(VJ €ld: F(X)>1- t“x,)7

provided the limit exists, such that x(j,¢) = R(o0,...,00,1,00,...00,1,00,...,00). It relates to L via
inclusion-exclusion.



Tail dependence and regular variation

Exponent measure: the STDF of X exists if and only if Y

o 41
with coordinates Y; = 1/(1 — Fj(X;)) is regularly varying on pA) =t P(Y € tA)
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Tail dependence and regular variation

Exponent measure: the STDF of X exists if and only if Y )
with coordinates Y; = 1/(1 — Fj(X;)) is regularly varying on p(A) = tP(Y € tA)
[0,00)7\ {0}, ie., ‘ K
tP(Y e t) — pu(), t — oo, / P
for non-degenerate measure . called the exponent measure. - X i
IN' D77
oL
Spectral measure: the angular component of p: ,
u({y: vl > 1. 4% € BY) 4
®(B) = . y
ully T > 1) .
® is in one-to-one correspondence to L: /// >
L(x) = d/ max(Ag)®(dN), V'
i1 Jeld INoE]
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Linear factor models in extremes



Proposition.
Let
- Keld,
= Ac [0,1]9°K a matrix with non-zero row and column sums,
 Z=(4,..., ZK)T has identically distributed, pairwise asymptotically independent
coordinates that are regularly varying of order a.
Then
X = AZ

has stable tail dependence function

LK,Z\(X) == Z \/ ’_4j3Xj7 X € [0700)d7

a€[K] jeld]

where A = (Aj5)j» € [0,1]9%¥ has entries Aj, = %, which has row sums 1.
be[K] “jb



A margin-free dependence model

Linear Factor Tail Dependence Model: The observable random vector X = (Xi,...,Xq)" has
continuous marginal cdfs and its stable tail dependence function L satisfies

Lx)=Lea(x)=>_ \ Anx, x€[0,00)",
ac[K] jeld]

for some unknown parameter 6 = (K, A) with A having row sums 1 and non-zero column sums.



A margin-free dependence model

Linear Factor Tail Dependence Model: The observable random vector X = (Xi,...,Xq)" has
continuous marginal cdfs and its stable tail dependence function L satisfies

Lx)=Lea(x)=>_ \ Anx, x€[0,00)",
ac[K] jeld]

for some unknown parameter 6 = (K, A) with A having row sums 1 and non-zero column sums.

The matrix A can be interpreted as a factor loading matrix for tail dependence: the same L-function
also arises in a linear factor model with &« =1 and A= A (as in factor copula models; see Krupskii
and Joe, 2014, or Oh and Patton, 2017).



Fitting the Linear Factor Tail Dependence Model

Estimation strategies:

= If K'is known: moment-based estimators matching L z to the empirical stdf L, (Einmahl, Krajina
and Segers, 2012).

= When K = d, A can be estimated with the empirical Tail Pairwise Dependence Matrix through a
completely positive decomposition (Kiriliouk and Zhou, 2022).

= If K=dand A is of a specific form that arises in structural equations models on DAGs: recursive

estimation after graph recovery (Kliippelberg and Krali, 2021, ...).
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Fitting the Linear Factor Tail Dependence Model

Estimation strategies:
= If K'is known: moment-based estimators matching L z to the empirical stdf L, (Einmahl, Krajina
and Segers, 2012).

= When K = d, A can be estimated with the empirical Tail Pairwise Dependence Matrix through a
completely positive decomposition (Kiriliouk and Zhou, 2022).

= If K=dand A is of a specific form that arises in structural equations models on DAGs: recursive
estimation after graph recovery (Kliippelberg and Krali, 2021, ...).

= If K< dis unknown and A satisfies the pure variable assumption (Bing et al., 2020)
V factor indexes a € [K], 3 variable index j€ [d] : A, =e,:
estimation based on the pairwise empirical tail correlation matrix (Biicher and Boulin, 2025).

However:

= The asymptotic independence of the factors makes the model too restrictive for many applications.



Generalizing the classical linear factor model |

Proposition (B. and Biicher, 2026). Let
= Keld],

= Ac[0,1]9F a full column rank matrix with row sums 1,

= Z= KRA, where R is standard Pareto and where A ~ ) is independent of R, with v a
probability measure on S¥°1 = {x € [0,1]¥ : ||x||1 = 1} whose margins have expectation
1/K.

Ui X = Az
has stable tail dependence function

Lian() = /K 1 \/ x> A,aza)zp(dz x € [0, 00)°.
S el ael



Generalizing the classical linear factor model |

Proposition (B. and Biicher, 2026). Let
= Keld],

= Ac[0,1]9F a full column rank matrix with row sums 1,

= Z= KRA, where R is standard Pareto and where A ~ ) is independent of R, with v a
probability measure on S¥°1 = {x € [0,1]¥ : ||x||1 = 1} whose margins have expectation
1/K.

Ui X = Az
has stable tail dependence function

Lian() = /K 1 \/ x> Ajaza)z/}(dz x € [0, 00)°.
S el ael

The ‘traditional’ linear model is included, by taking ¢ = K~* Zae[iq Je, (the spectral dependence
measure corresponding to K asymptotically independent variables).



Generalizing the classical linear factor model Il

Generalized Linear Factor Tail Dependence Model: The observable random vector X =

(X, .-, Xd)T has continuous marginal cdfs and its stable tail dependence function L satisfies
L(x) = Ly g p(oi= K/K_l \ (xj > Z\jaza)w(dz), x € [0, 00)?
S jeld el

for some unknown parameter § = (K, A, 1)) € ©, where

0 ={(K A%)|Ke|d,A e [0,00)”" has row sums 1 and full column rank,

1) a probability measure on Sf_l with margins having expectation 1/K}.
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Generalizing the classical linear factor model Il

Generalized Linear Factor Tail Dependence Model: The observable random vector X =

(X, .-, Xd)T has continuous marginal cdfs and its stable tail dependence function L satisfies
d
L(x) = Licau(x /SK V(63 Auz)u(da),  xeo,00)
J€ld ac[K]

for some unknown parameter § = (K, A, 1)) € ©, where

0 ={(K A%)|Ke|d,A e [0,00)”" has row sums 1 and full column rank,

1) a probability measure on Sf% with margins having expectation 1/K}.

The model is fully flexible: any stable tail dependence function L can be written as L = L,y for some
suitable ).
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Theorem (B. and Biicher, 2026). Suppose that
1. A satisfies the pure variable assumption,
2. 1) satisfies an additional mild assumption preventing two factors from being perfectly tail
dependent.
Then (K, A, 1)) can be uniquely recovered from L. More formally: for a suitable set ©;, the map-
ping
&, O, — {all stdfs}, (K, A,%) = Lica,

is injective up to label permutations.

11



Identifiability from L: proof idea |

Some definitions:

= Pure variables: I, = {j € [d] : A; = e,} the pure variables for the ath factor, and /= Useirg la-
= Impure variables: J=[d]\ /.

= The tail pairwise dependence matrix: with ®, 7 ,, the spectral measure associated with Ly 3 ,:

Y= /xxT Py 2. (dx)

= Rowwise Max:  m; = maxygq Xje. Rowwise Argmax:  S; = arg maxcq L.
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Identifiability from L: proof idea |

Some definitions:

= Pure variables: I, = {j € [d] : A; = e,} the pure variables for the ath factor, and /= Userg o

= Impure variables: J=[d]\ /.

= The tail pairwise dependence matrix: with ®, 7 ,, the spectral measure associated with Ly 3 ,:

Y= /xxT Py 2. (dx)

= Rowwise Max:  m; = maxygq Xje. Rowwise Argmax:  S; = arg maxcq L.

Step 1: ldentification of pure variables:

s I={jeld |VleS:mi=m}

= K is the number of equivalence classes under the relation
j~l = LeS

= The K equivalence classes correspond to I, ..., Ik.

12



Identifiability from L: proof idea Il

Step 2: Identification of A:

= Rows of A corresponding to j € I unit vectors.

= Rows of A corresponding to j € J: Define C € R"*K by C,, = >, With ja € I; and jp € I.
The jth row of A, say B; € R¥, satisfies

a3 = (zh,jv SR zJ'KJ)T

13



Identifiability from L: proof idea Il

Step 2: Identification of A:

= Rows of A corresponding to j € I unit vectors.
= Rows of A corresponding to j € J: Define C € R"*K by C,, = >, With ja € I; and jp € I.
The jth row of A, say B; € R¥, satisfies
-
a3 = (zh,jv SR zJ'KJ)
Step 3: Identification of :

= Define pure variables: Z, := |/, " >iel,

Y.
= Then Z= (Zi,...,Zk) is regularly varying, with spectral measure .

13



Estimation: the PureVar- and LassoSimplexProjector-Algorithm |

Starting point: the TPDM associated with Ly 3, can be written as a limit of a conditional

expectation:
_ T4 o YY'
Z_/XX ¢K’A’w(dx)_x|—”;20]E|:W | HY||>X )

where Y has coordinates Y; = 1/(1 — Fj(Xj)).

14



Estimation: the PureVar- and LassoSimplexProjector-Algorithm |

Starting point: the TPDM associated with Ly 3, can be written as a limit of a conditional

expectation:
_ T o YY'
Y = /xx Oy p(dx) = lim B {WI? LIY] > x|,

where Y has coordinates Y; = 1/(1 — Fj(Xj)).

Empirical counterpart: the empirical TPDM ¥ = (£;/); ¢ has entries

noooT

. 1 YiVi J e ¢

zjl = ; Z g 1(51 > Snfk:n)7
i=1 i

where k is a threshold parameter; e.g., k= 0.05- n], and & = || Vi|, and ¥; = 1/(1 — F.;(X;)).
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Estimation: the PureVar- and LassoSimplexProjector-Algorithm |1

= Estimation of K and /: Apply the construction from the identifiability proof with S, where
an index is declared a row-wise argmax if it is at distant at most 2x from the respective
maximum, some small hyperparameter x > 0 (PureVar-Algorithm).



Estimation: the PureVar- and LassoSimplexProjector-Algorithm |1

= Estimation of K and /: Apply the construction from the identifiability proof with S, where
an index is declared a row-wise argmax if it is at distant at most 2x from the respective
maximum, some small hyperparameter x > 0 (PureVar-Algorithm).

= Estimation of A: solve the linear regression problem using 3 instead of ¥ with the LASSO
(with penalty A > 0), and project the resulting vectors to the unit simplex
(LassoSimplexProjector).



Estimation: the PureVar- and LassoSimplexProjector-Algorithm |1

= Estimation of K and /: Apply the construction from the identifiability proof with S, where
an index is declared a row-wise argmax if it is at distant at most 2x from the respective
maximum, some small hyperparameter x > 0 (PureVar-Algorithm).

= Estimation of A: solve the linear regression problem using 3 instead of ¥ with the LASSO
(with penalty A > 0), and project the resulting vectors to the unit simplex
(LassoSimplexProjector).

= Estimation of ¢: Define estimated pure variables Zi, = [I,|7* >_..; Y¥; and estimate 1 by

j€ls
any method of choice, e.g., empirical spectral measure.

15



Application:
on probabilities of low-wind events




Target parameter and statistical model

Recall: W, the daily maximal wind speed and C; the installed capacity at grid cell j=1,...,d.

Target parameter:
Po.s(3) = ]P’(EIJ C [d] with installed capacity in J exceeding 80% of the total capacity :

W <3 for all j € J)
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Target parameter and statistical model

Recall: W, the daily maximal wind speed and C; the installed capacity at grid cell j=1,...,d.

Target parameter:

Po.s(3) = ]P’(EIJ C [d] with installed capacity in J exceeding 80% of the total capacity :

W <3 for all j € J)

= P(HJ C [d] with installed capacity in J exceeding 80% of the total capacity :

X;>1/3 forall je J)7 [where X; = 1/Wj]].

Statistical model:
= The margins of X are in the MDA of the GEV, and the STDF satisfies L = Ly 2,

= Xi,...,X, are iid copies of X

16



Estimation of the tail dependence model

= Threshold choice: k = 135 (5% of the total
sample size)

= Hyperparameter choice: run the algorithms
on a grid of hyperparameters, and choose
the one for which empirical tail correlations
are as close as possible to model-implied tail
correlations.

= Estimated parameters: K = 20, with 2,251
non-zero entries in the estimated loading
matrix (20% of the entries).

Empirical

g
o

Implied tail correlations from the fitted model
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Connecting the target parameter to the model

Lemma. Let J be a collection of subsets of [d], for instance J = Jo.s = all sets J such that the
installed capacity in J exceeds 80% of the total capacity. Then

R7(x) = lim t- IP(EIJ €T F(X)>1-Tvje J) - K/Sw1 max min ( > Z\,-azm) b(dz).
+ ac[K]
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Connecting the target parameter to the model

Lemma. Let J be a collection of subsets of [d], for instance J = Jo.s = all sets J such that the
installed capacity in J exceeds 80% of the total capacity. Then

R7(x) = lim t- IP(HJ €T F(X)>1-Tvje J) - K/SW1 max min ( > Z\,-azax,-) b(dz).
+ ac[K]

Some straightforward calculations then yields

pos3) = o) = K [ maxmin (Y Auza(1/3) ()

K—1 Jeg jeJ
Sy ac[K]

where gj(x;) = P(X; > x;) [a small exceedance probability]. The maxmin can typically be evaluated
efficiently in O(dlog d) computations.
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Estimated probabilities po(w) for fixed w =5 (left) and w = 3 (right) using the plug-in estimator

N K . AuZiti(1/3)\ oo = A
pa(w) = 5 D maxmin (3 %_(/))I(Sf >S5 ka),  Si=11Zk
i€[n] ac[K] !
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Conclusion




Conclusion

Summary

= A generalized latent linear factor model for tail dependence that allows for dependent factors.
= |dentifiability results under a pure variable assumption.

= Algorithms for estimation of model parameters and derived quantities.
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Conclusion

Summary
= A generalized latent linear factor model for tail dependence that allows for dependent factors.
= |dentifiability results under a pure variable assumption.
= Algorithms for estimation of model parameters and derived quantities.

Outlook

= Statistical guarantees, parametric sub-models for ).
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Thank you!
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